Abstract: A simple mechanical model is proposed to describe the dynamics system of the taut inclined cable excited by the deck vibration. Using Galerkin method, the dynamics system is simplified into a one-degree of freedom nonlinear system. Average method is used to obtain the average equations and bifurcation equation. Bifurcation maps are obtained and used to reveal the evolution mechanism of period-1 motion to period-2 motion. Several motion forms are discussed and evolution progress between different motions is studied. Several kinds of parametric resonance are revealed in various parameter regions. The conclusions indicate that the parametric resonance excited by the frequency ratio 3:2 is significant should be paid more attention.
Introduction
Cable-supported structures are widely used in various engineering structures [1] [2] [3] [4] because of their outstanding performance, such as the relatively low construction cost and unique esthetic appearance. At the same time, nonlinear dynamics of the cable have become one of the most interesting problems in the last several decades. Cable system can be a nonlinear system with strong nonlinearity and its vibration, such as internal parametric vibration and external exacted vibration can be very complicated. These nonlinear effects can produce complex behavior resulting in large amplitude cable vibrations. The sharp vibration may cause the fatigue fracture of cable or junc-tion of fatigue cracks in the cable anchor, destroy the anticorrosion system, and damage the safety and durability of the bridge. Therefore, research on vibration of cable has attracted intensive attentions.
Parametric resonance is the most significant phenomenon in the incline cable vibration system, which can occur at specific ratios of excitation frequency to cable natural frequency, such as at the 2:1 ratio [5] . When parametric resonance occurred, small excitation amplitudes at the cable anchorage can induce very large cable vibrations. In 1970s, Tagata G [6] started to research the parametric vibration of cable, in his work, a cable model with a string fixed at one end and driven harmonically in its axial direction from the other end, was introduced. Since then, nonlinear vibration behaviors of cables have been intensively studied by experimental method. Fujino Y. et. al. [7] presented an experimental and analytical study for the parametric resonance of cable-stayed beam, in which a three-degrees-of-freedom nonlinear model of a cablestayed-beam was presented and analytical steady-state solutions of the auto parametric resonance was provided. Lilien and Pinto da Costa [8] found that large amplitude vibration can be induced by low-frequency mechanical tension oscillations of the stay cables in large span bridges. Based on this model, Warnitchai et al. [9] also studied active tendon control of cable-stayed bridge vibration.
In fact, the classical parametric excitation system, Mathieu equation, has been verified that the parametric resonance may also occur as the ratio of natural frequency to force frequency is near 3:2 [1] . As the materials used in bridge deck becomes more lighter and the reinforce of cable becomes more strengthen, the natural frequency of cable maybe higher than the frequency of deck vibration. So the parametric resonance occurring at the frequency ratio is similar to 3:2 should be considered. C.T. Georgakis and C.A. Taylor [10, 11] studied the extensive behavior of cable vibration. Regions of large amplitude cable vibrations are studied and new regions of response instability are found.
Numerical method plays an important role in studying the characteristic of the cable vibration. Pinto da Costa et al. [12] studied the nonlinear cable vibration by the analytical method and numerical method. The coupled nonlinear vibration behaviors of the cable/deck system were investi-gated using numerical analysis of a proposed three-D.O.F. model [13] . Caetano et al. [14] presented a thorough investigation on several possible mechanisms of cable vibration exhibited by the International Guadiana Bridge. Filed measurements and finite element analysis suggested that the internal resonance of the cable-deck system may be a major cause of the large amplitude cable motions. Considering the axial deformation effect of the cables and initial out-of-plane or in-plane deflection, Srinil et al. [15] investigated the multimodal resonance due to 2:1 internal resonance in the finite-amplitude free vibrations of horizontal/inclined cables. Berlioz and Lamarque [16] studied the influences of the initial tension and inclination on the cable vibration. Considering the initial deflection, the tension and external excitation, the coupled dynamics of the cable with parametric vibration and forced vibration were studied [17] . The equations governing the linearized dynamics of the cable-stayed beam were presented and the main features of the parametric vibration phenomenon were investigated as well [18] .
In this paper, average method is applied to analyze the parameters in cable dynamic system. The frequency ration and deck vibration amplitude which are significant in the vibration of system are studied within a large range. Several nonlinear motions are distinguished and change pattern between different motions is studied. Several kinds of parametric resonance are revealed in various parameter ranges. These conclusions may be benefit for engineering structure design or improve the application of nonlinear dynamics theory.
Nonlinear vibration model of the inclined cable
An in-plane vibration cable system is proposed to study vibration mechanism of the stayed cable with the assumptions that (i) the initial deflection is not considered, (ii) the deflection caused by the gravity is ignored which means the cable is a taut string, (iii) out-of-plane motion is not considered. With the simplification of this model, the main mechanism and the basic characteristics of the parametric excitation can be obtained. The proposed nonlinear vibration model is established in the following text.
Ox and the plan Oxy are defined as chord and vertical plane respectively at the static equilibrium position in a Cartesian coordinate system. In the model shown in the Figure 1 , w denotes the displacement of cable in y direction, L denotes the length and A is the section area of the cable, E indicates elastic modulus and ρ represents the density of the material, γ is the angle between cable and vertical direction, D (t) = D cos ωt is the vertical displacement of the connection point of the cable and the bridge deck. Based on the nonlinear dynamics theory [13] , the dynamical equation of the cable in plan Oxy is expressed as equation (1).
With the boundary condition
In which T is the tension force of the cable and μ is the damp coefficient. Considering the first order mode, the solution of the equation (1) can be denoted as
For convenience of analyzing the main characteristic of this system, some non-dimensional parameters are introduced as follows:
In which ε is a small non-dimension parameter, εx means the axial strain of the cable induced by the tension T and it also is a non-dimension parameter, then equations (1)- (3) can be rewritten as
Substituting equation (7) into equation (5) and adding the viscous damping item, using Garlerkin integration method, the differential equation about y (t) can be simplified as
When γ = 0, equation (8) can represent the governing equation of a free vibration system, which means the system (1) has only parametric excitation and this case has been studied in literature [6] . In general cases where γ ≠ 0, both external and parametric excitations exist in equation (8) and system (1) should be considered as a dynamical system with combined external and parametric excitations. (8) can be simplified as
3 Average equations of the nonlinear system
When the incline angle γ = 0, the equation (9) become a Mathieu-Duffing equation. In fact, Mathieu system has been researched enough and the stable region is described in many references [1, 17] as Fig. 2 . In Fig. 2 , λ denotes the ratio of the natural frequency and parametric excitation frequency, f denotes the amplitude of parametric excitation force. From Fig. 2 , it is verified that many regions of large amplitude vibration exists when the equation (9) are ignored cubic item and external force. In order to study the stability of the equation (9), the average method is used and take the parameters substitution as follows
Ignoring O ε 2 and higher order items of ε, the equation (9) can be rewritten as
Using average method, the solution of equation (11) and the its derivative can be assumed as
where Φ = kτ + φ. Taking derivative of equation (12) and comparing the result to (13) , the the equation can be obtained as follows
Substituting equation (12) and (13) into equation (11) , then the other equation can be obtained as follows
from equations (14)- (15) When k = 1/2, which responds to 1/2 subharmonic resonance, the first order similar average equations can be obtained by the average method as follows
For the steady vibration, equations (18)- (19) should content with a ′ = φ ′ = 0, then the bifurcation equation is obtained as follows
When k = 1, which responds to external resonance, the first order similar average equations can be obtained by the average method as follows
When k = 3/2, which responds to external resonance, the first order similar average equations can be obtained by the average method as follows 
Numerical Analysis for the Dynamical Systems
The case of k = 1/2, corresponding to average equations (16) , has been studied enough in many researches. Comparing to equation (16), the average equation (18), corresponding to the casek = 3/2 is too complex to obtain the explicit form bifurcation equation. In order to find the bifurcation point, the numerical method is used to draw the bifurcation maps. In this section, the fourth order RungeKutta integration method is employed for solving nonlinear equation (9) . It aims at analyzing the vibration amplitude of deck and the other parameters of the cable effect to the cable vibration. In order to study the bifurcation characteristic of the system, an actual cable studied by Lilien and Pinto da Costa [5] is considered and its parameters are presented as Table 1 . 
The research [10, 11] reveals that the large amplitude vibration may be excited when the frequency ratio, natural frequency ratio to parametric excited force's frequency, is 1.7:1. In order to studying the evolution mechanism of this large amplitude vibration and comparing it with the large amplitude vibration excited when the frequency ratio is near 1:2, the bifurcation maps of the equation (9) is showed in Fig. 3 . Fig. 3 shows the bifurcation map of the equation (9) when frequency ratio λ = 1.7 and Fig. 4 shows the bifurcation map of the equation (9) when frequency ratio λ = 0.5. The non-dimensional parameter d is considered as bifur- cation parameter. Form Fig. 3 and Fig. 4 , the response of the system exist periodic, multi-periodic and chaos motion when λ = 1.7 as well as λ = 0.5.
As many researches have revealed, when the value of λ is close to 0.5, which means the loads' frequency is two times that of natural frequency and parametric frequency, parametric resonance may be induced when the parameter d is in some ranges. For every λ which is around 0.5, there are bifurcation points corresponding to parameter d where motion form is changed from periodic-1 to periodic-2. In order to compare the motion forms changing with the small change of parameter, the solutions of system is obtained by the numerical method and the some plots are shown to certify the distinguish result and observe the characters of various forms of motions. Based on the Fig. 2 , the bifurcation region is nea rd = 0.0045. When the λ = 0.5, the two group parameters λ = 0.5, d = 0.004 and λ = 0.5, d = 0.0045 are substituted into equation (9) and the solutions are then shown in Fig. 5 and Fig. 6 .
Comparing Fig. 5 and Fig. 6 , the response amplitude of two cases has large difference. Comparing the Fast Fourier Transform plot of two case, when λ = 0.5, d = 0.004, there are only one response, when λ = 0.5, d = 0.0045, there also exists the harmonic component with angular frequency which equal to unit and its amplitude changes small. However, the harmonic component with angular frequency equal to 0.5 arise and its amplitude is huge compare to the former. This is the parametric resonance phenomenon which has been researched in many literatures. Such results indicate the effectiveness of the distinguished method. It is notable that there exists an unsteady motion at the bifurcation point.
In many references, researchers only focus on the case of λ = 0.5 although the parametric resonance can also be excited when λ is around 1.5. In fact, when the cable is tight enough, the natural frequency may be larger than the vibration frequency of the deck. So it is necessary to research the parametric resonance when λ is around 1.5. Firstly, it can be observed from Fig. 3 that period-2 motion also exist when d is small and λ is around 1.5. In order to compare the difference between the motions of λ ≈ 1.5 and λ ≈ 0.5, the systems are solved and the results are shown in Fig. 7 and Fig. 8 . These figures include timehistory plot, phase plot, FFT (Fast Fourier Transform) and Poincare's map. In these cases, λ is assumed as constant as λ = 1.7 in all the case and d is assumed different as d = 0.0050 (in Fig. 7) , d = 0.0053 (in Fig. 8 ).
Comparing Fig. 7 and Fig. 8 , the frequencies have great changes which is similar to the difference between Fig. 5 and Fig. 6 . When d = 0.0050, the motion is period-1 motion and the main frequencies is ω = 1, 2, 3, which means frequencies are integer multiple of unit. When d = 0.0053, the motion is period-2 motion and the main frequencies are ω = 1/2, 3/2, 5/2, which means frequencies are odd times of 1/2. In the other word, all the harmonic items of the response are disappeared and replaced by the new harmonic items when the motion is changed from period-1 motion to period-2 motion. At the same time, the amplitude of new harmonic items is increased more than the former.
Comparing Fig. 6 .and Fig. 8 , it can be find although these two case are period-2 motion, there exists some obvious differences. Firstly, the main frequency of the motion corresponding to Fig. 4 is 0.5 and the main frequency of the motion corresponding to Fig. 8 is 1 .5 which certify that the harmonic resonance is excited when λ is odd multiple of 1/2. Secondly, as the motion in Fig. 6 , the motion only needs go through about several periods for becoming a steady motion. In engineering, long time steady periodic external force is rarely, so the velocity of arriving to resonance is the key factor affecting the system stability. So 3/2 harmonic resonance may have a larger possibility exist than 1/2 harmonic resonance. This conclusion should be certified by experiments in the other work.
Conclusion
In this paper, nonlinear dynamical characteristics of the taut incline cable are studied. Firstly, using nonlinear structure dynamics, a mechanical model of a taut incline cable excited by deck vibration is proposed. Secondly, using average method, average equations and bifurcation equations are derived as frequency ratio λ ≈ 0.5, λ ≈ 1.0 and λ ≈ 1.5. Especially, the period-1 and period-2 motions are discussed. At last, several motion forms are discussed and the evolutionary processes of period-1 to period-2 motion are researched. With the above study of such a dynamic system, some useful conclusions are obtained. 1. Bifurcation map about several cases is plotted and these maps are used to comparing the evolution mechanism of period-1 motion to period-2 motion. 2. Bifurcation maps can be also applied in design the inclined cable. For example, it is an ideal design that the value of bifurcation point is a large number. 3. Several motion forms are discussed and the evolutionary processes of period-1 to period-2 motion are researched. 4. Parametric resonance can be excited in a wide range of frequency ratio. The parametric resonance excited by λ ≈ 1.5 should be paid more attention than the parametric resonance excited byλ ≈ 0.5 for the amplitude archive to maximum more quickly.
